Abstract. Multicriterion optimization and Pareto optimality are fundamental tools in economics. In this paper we propose a new relaxation method for solving multiple objective quadratic programming problems. Exploiting the technique of the linear weighted sum method, we reformulate the original multiple objective quadratic programming problems into a single objective one. Since such single objective quadratic programming problem is still nonconvex and NP-hard in general. By using the techniques of lifting and doubly nonnegative relaxation, respectively, this single objective quadratic programming problem is transformed to a computable convex doubly nonnegative programming problem. The optimal solutions of this computable convex problem are (weakly) Pareto optimal solutions of the original problem under some mild conditions. Moreover, the proposed method is tested with two examples and a practical portfolio selection problem. The test problems are solved by CVX package which is a solver for convex optimization. The numerical results show that the proposed method is effective and promising.
1. Introduction. We consider multiple objective nonconvex quadratic programming problems as follows (MOQP) min F (x) = (F 1 (x), F 2 (x), . . . , F p (x))
where
T i x and x ∈ R n is the decision variable. Q i ∈ R n×n , c i ∈ R n , i = 1, . . . , p, A = (a 1 , a 2 , . . . , a m ) T ∈ R m×n and b = (b 1 , b 2 , . . . , b m ) ∈ R m are given data. Without loss of generality, Q i is symmetric and not positive semidefinite by assumption.
Multi-objective programming (MOP) also known as multi-criteria optimization, is the process of simultaneously optimizing two or more conflicting objectives subject to certain constraints. (MOP) problems are found in many fields, such as facility location and optimal detector design [5] , image processing [8] . Problem (MOQP) is a subclass of (MOP) problem and arises in portfolio selection [16] , reservoir optimal operation [18] and so on. Problem (MOQP) also can be viewed as an extension of multiple objective quadratic-linear programming (MOQLP) problem for which the objectives are a quadratic and several linear functions and the constraints are linear functions which were studied in [13, 16] .
Problem (MOP) does not have a single solution that simultaneously minimizes each objective function. A tentative solution is called Pareto optimal if it impossible to make one objective function better off without necessarily making the others worse off. And problem (MOP) may have many Pareto optimal solutions. For solving problem (MOP), the linear weighted sum method is one of the most widely used methods. The main idea is to choose the weighting coefficients corresponding to objective functions. Then, problem (MOP) can be transformed to a single objective one, and the Pareto optimal solutions for problem (MOP) could be found by solving this single objective problem with the appropriate weights. Ammar [1, 2] investigates problem (MOQP) with fuzzy random coefficient matrices. Under the assumption that the coefficient matrices in objectives are positive semidefinite, some results are discussed to deduce Pareto optimal solutions for fuzzy problem (MOQP). However, many practical problems of this class of problems are nonconvex in general. So, these two methods have certain limitations in practical applications.
Burer [6] proves that a large class of NP-hard nonconvex quadratic program with a mix of binary and continuous variables can be modeled as so called completely positive programs (CPP), i.e., the minimization of a linear function over the convex cone of completely positive matrices subject to linear constraints (For more details and developments of this technique, one may refer to [4, 6, 7, 14] ). In order to solve such convex programs efficiently, a computable relaxed problem is obtained by approximation the completely positive matrices with doubly nonnegative matrices, resulting in a doubly nonnegative programming [7] , which can be efficiently solved by some popular packages.
Motivated by the ideas of [6, 7] , we propose a new relaxation method for solving problem (MOQP) by combining with the linear weighted sum method. First of all, in virtue of the linear weighted sum method, we first transform problem (MOQP) into a single objective quadratic programming (SOQP) problem over a linearly constrained subset of the cone of nonnegative orthant. Since problem (SOQP) is a nonconvex in general, which is equivalently reformulated as a completely positive programming problem, which is NP-hard. Furthermore, a computable relaxed convex problem for this completely positive programming problem is derived by using doubly nonnegative relaxation technique, and resulting in a doubly nonnegative programming (DNNP) problem. Based on the characteristics of optimal solutions of problem (DNNP), a sufficient condition for (weakly) Pareto optimal solutions for problem (MOQP) is proposed. Moreover, the proposed method is tested with two examples and a practical portfolio selection problem. The test problems are solved by CVX package, which is a solver for convex optimization. The numerical results show that the proposed method is effective and promising.
The paper is organized as follows. In Section 2, we recall some basic definitions and preliminaries for (weakly) Pareto optimal solution and the linear weighted sum method, respectively. In Section 3, problem (MOQP) is transformed into problem (SOQP) by using the linear weighted sum method. And some optimality conditions for problem (MOQP) are established. In order to solve problem (SOQP) effectively, problem (SOQP) is equivalently reformulated as a convex problem (CP) which is further relaxed to a computable (DNNP) problem in Section 4. In Section 5, numerical results are given to show the performance of the proposed method. Some conclusions and remarks are given in Section 6.
1.1. Notation and terminology. Let Ω = {x ∈ R n : Ax = b, x ≥ 0} be the feasible set of problem (MOQP). Let R n + (or R n ++ ) denotes the cone of nonnegative (or positive) vectors with dimension n, S n the cone of all n × n symmetric matrices, S + n the cone of all n × n symmetric positive semidefinite matrices and (S n )
+ the cone of all n × n symmetric matrices with nonnegative elements. C * n is the cone of all n × n completely positive matrices, i.e.,
is a column vector whose elements are the diagonal elements of M . Given two conformal matrices A and B, A • B = trace(A T B). For a given optimization problem ( * ), its optimal objective value is denoted by Opt( * ).
Preliminaries.
2.1. Pareto optimal solutions. In multi-objective optimization with conflicting objectives, there is no unique optimal solution. A simple optimal solution may exist here only when the objectives are non-conflicting. For conflicting objectives one may at best obtain what is called Pareto optimal solutions. For the sake of completeness, we restate the definitions of some types of Pareto optimal solutions and ideal point from [12] .
* is said to be Pareto optimal solution of problem (MOQP) if and only if there does not exist another feasible solution x ∈ Ω such that F i (x) ≤ F i (x * ) for all i = 1, . . . , p and F i (x) < F i (x * ) for at least one index i.
All Pareto optimal points lie on the boundary of the feasible region Ω. Often, algorithms provide solutions that may not be Pareto optimal but may satisfy other criteria, making them significant for practical applications. For instance, weakly Pareto optimal is defined as follows.
Definition 2.2. A solution x
* is said to be weakly Pareto optimal solution of problem (MOQP) if and only if there does not exist another feasible solution x ∈ Ω such that F i (x) < F i (x * ) for all i = 1, . . . , p.
Remark 1.
A solution is weakly Pareto optimal if there is no other point that improves all of the objective functions simultaneously. In contrast, a point is Pareto optimal if there is no other point that improves at least one objective function without detriment to another function. It is obvious that each Pareto optimal point is weakly Pareto optimal, but weakly Pareto optimal point is not Pareto optimal.
In order to illustrate (weakly) Pareto optimal solution intuitively, two examples are given as follows. 
x ∈ (2, 3]. 
For this problem, the graphs for each objective function is plotted in Figure 2 . By Definitions 2.1 and 2.2, it holds that Pareto optimal solution and weakly Pareto optimal solution for this problem are the same, they all equal to [0, 2].
2.2.
The linear weighted sum method. One useful way of getting the efficiency of problem (MOQP) is to build a utility function [17] according to the decision makers provided preference information, such that each solution gained by this method is Pareto optimal solution of problem (MOQP).
The linear weighted function
is one of the most widely used utility function, where weight λ i corresponding to objective functions F i (·), i = 1, . . . , p satisfy the following conditions which is provided by the decision makers, and weights λ i imply that the relative importance for F i (·) in the heart of the decision makers.
3. Optimality conditions. In this section, we derive a single objective quadratic programming (SOQP) problem corresponding to problem (MOQP) by the linear weighted sum method. And, some optimality conditions for problem (MOQP) are proposed based on the optimal solutions for problem (SOQP).
From (1) and (2), problem (MOQP) can be convert to a single objective quadratic programming problem as follows
Similar to Corollary 3.1 in [17] , we can get the following theorem, its proof can be found in [17] .
Theorem 3.1. Let x * be an optimal solution for problem (SOQP), it follows that x * is a Pareto optimal solution (weakly Pareto optimal solution) for problem (MOQP) if weight λ > 0 (λ ≥ 0, λ = 0).
According to the above Theorem 3.1, varying weight λ consistently and continuously can result in a subset of Pareto optimal (weakly Pareto optimal) set for problem (MOQP). The following theorem presents a sufficient optimality condition for weakly Pareto solution of problem (MOQP).
Firstly, we quote the following definition which will be used in the sequel. Based on the above convex inclusion condition, we have the following theorem. The proof is omitted here for the reason that it is similar to the one of Theorem 3.6 in [17] . Theorem 3.3. Let x * be a weakly Pareto optimal solution for problem (MOQP), and Y satisfies the convex inclusion condition at F (x * ). Then there exists a weight λ ≥ 0,λ = 0 such that x * is an optimal solution for problem (SOQP) withλ.
In particular, if problem (MOQP) is convex, Theorem 3.3 still holds without the convex inclusion condition.
4.
Reformulation. Note that problem (SOQP) is a nonconvex quadratic programming problem in general, and thus it is NP-hard. If problem (SOQP) is convex with appropriate coefficient λ, we may use some popular convex packages to solve it directly. In the following section, we will establish the computable convex reformulation for problem (SOQP) when it is nonconvex, and the details are as follows.
Completely positive reformulation.
Motivated by the ideas in [6] , problem (SOQP) can be reformulated as a completely positive programming problem. First, the definition of completely positive [3] is given as follows. Based on above definition for completely positive, by using the techniques in [6] , problem (SOQP) can be reformulated as the following completely positive programming problem
which is a convex programming problem. Similar to Theorem 2.6 in [6] , the following theorem holds immediately, for more details can be seen in [6] .
Theorem 4.2. Opt(SOQP ) = Opt (CP ), and if (x * , X * ) is an optimal solution for problem (CP), then x * is in the convex hull of optimal solutions of problem (SOQP).
According to Theorem 4.2, problem (SOQP) is equivalent to problem (CP). However, problem (CP) is NP-hard, since there is a cone C * 1+n constraint, and check whether or not a given matrix belong to C * 1+n is shown to be NP-hard [10] , one must relax it in practice. Relaxing problem (CP) in a natural way yields a doubly nonnegative programming (DNNP) problem.
4.2. Doubly nonnegative relaxation. As mentioned above, in order to establish the doubly nonnegative relaxation for problem (CP), the definition of doubly nonnegative is given as follows. Definition 4.3. If matrix Z ∈ S n is not only nonnegative but also positive semidefinite, then Z is called doubly nonnegative.
Note that if Z ∈ C * n , it necessarily holds that Z is doubly nonnegative from the above Definitions 4.1 and 4.3. Moreover, the convex cone S + n is self-dual, and so is the convex cone (S n ) + . Hence, Diananda's decomposition theorem [9] can be reformulated as follows. 
proposed by Diananda [9] to illustrates this point.
Replacing C * 1+n by S + 1+n ∩ (S 1+n ) + according to Theorem 4.4, problem (CP) is relaxed to the following doubly nonnegative programming problem
which is not only a convex problem but also can be solved in polynomial time to any fixed precision from the theory of interior-point methods.
Up to now, problem (MOQP) is reformulated as above problem (DNNP), which can be solved by some popular package CVX. It is obviously that problem (DNNP) is a relaxation form for problem (MOQP).
In the last of this section, we will investigate the relationship between optimal solutions for problems (MOQP) and (DNNP), i.e., a sufficient condition for (weakly) Pareto optimal solutions of problem (MOQP) based on the characteristics of optimal solutions for problem (DNNP) is established in the following part.
Theorem 4.5. Let (x * , X * ) be an optimal solution for problem (DNNP). If the relationship X * = x * (x * ) T holds, then Opt (DNNP ) = Opt (CP ). Moreover, (x * , X * ) is an optimal solution for problem (CP).
Proof. On one hand, from Theorem 4.4, it is obviously holds that
On the other hand, from X * = x * (x * ) T , and constraints of problem (CP), we have (x * , X * ) is also a feasible solution for problem (CP). Since problems (DNNP) and (CP) have the same objective function, it follows that
Thus, combining (3) and (4), we have Opt(CP) = Opt(DNNP).
Again from problems (CP) and (DNNP) have the same objective function, it holds that (x * , X * ) is an optimal solution for problem (CP). 11] , a package for specifying and solving convex programs. The software is implemented using MATLAB R2011b on Windows 7 platform, and on a PC with Intel(R) Core(TM) i3-2310M CPU 2.10 GHz.
In the following numerical experiments, three examples are solved by using the proposed method, respectively. The first example is a given two-dimension problem, which has four nonconvex objective functions. The second example is a fivedimension nonconvex problem with five objective functions. Note that its coefficients are generated by MATLAB function randn(·). The last example is a practical portfolio selection problem, which is taken from [16] . The weighted coefficient λ is generated by the following procedure lambda=zeros(p,1); while lambda(p)==0 lambda(1:p-1)=rand(p-1,1); s=sum(lambda); if s<1 lambda(p)=1-s; end end where p is the number of objective functions.
Example 3. First of all, a two-dimension problem with four objective functions is tested. The corresponding coefficients Q i , c i , i = 1, . . . , 4 and A, b are given in Table 1 . 
First, by relative simple computation, we obtain optimal solutions for each objective function which is minimized independently. The corresponding optimal numerical results of each objective function are given in Table 2 . Table 2 , the labels FV and x * denotes optimal values and optimal solutions corresponding to each objective function, respectively. The results in Table 2 show that the objective functions F 2 (x) and F 3 (x) have the same optimal solution, which is different from the other two functions optimal solutions. These imply that we can not find a single solution that simultaneously optimizes each objective function. Moreover, note that these four optimal solutions corresponding to each objective function are all weakly Pareto optimal solutions for Example 3. It is very easy to verify that the given four objective functions are all nonconvex by using MATLAB function eig. Furthermore, we obtain problem (SOQP) is nonconvex with corresponding coefficients λ which proposed in Table 3 by using eig. Hence, we use our method to solve this problem. The corresponding optimal numerical results are reported in Table 3 . In Table 3 , Example 3 is transformed into problem (DNNP), and then is solved with nine different weighted coefficient λ. The results of x * and X * in Table 3 show that X * = x * (x * ) T holds for nine different weighted coefficients. Thus, from Theorem 4.5 and Remark 2, it holds that each optimal solution x * in Table 3 also is Pareto optimal solution for Example 3. Moreover, we obtain weakly Pareto optimal solutions for Example 3 when the weighted coefficient λ is chosen appropriately. T is obtained by using our method.
Example 4.
In this test problem, we set n = 5, m = 4 and p = 5. The corresponding coefficients Q i , c i , i = 1, . . . , 5 and A, b are generated by the functions tril(randn(n,n),-1)+triu(randn(n,n)',0), randn(n,1), randn(n,m) and randn(m,1), respectively, and the details can be seen in Table 4 . In order to verify that whether the given objective functions in Table 4 are nonconvex functions or not, the corresponding eigenvalues for Q i , i = 1, . . . , 5 are given in Table 5 . The results in Table 5 show that five objective functions are all nonconvex. Thus, we will use the proposed method to solve this problem. The results are given in Tables 6 and 7 . Table 6 shows that the optimal numerical results for each objective function of Example 4. The results in Table 6 show that we can not find a single solution that simultaneously optimizes these five objective functions. Note that these five optimal solutions are also weakly Pareto optimal solutions for Example 4.
Note that we can verify that problem (SOQP) is nonconvex with seven different choices of weighted coefficient λ which show in Table 7 . So, Example 4 can be solved by using the proposed method. The results of x * and X * in Table 7 show that X * = x * (x * ) T holds for these seven different cases of weighted coefficient λ. Hence, we can conclude that each x * in Table 7 also is Pareto optimal solution for Example 4. Furthermore, compare the results of FV and x * in Tables 6 and 7 , note that some weakly Pareto optimal solutions of Example 4 can be obtained by using our method. For example, if λ = (0.3317, 0.1522, 0.3480, 0.1217, 0.0464), then we obtain weakly Pareto optimal solution (0.0000, 1.2165, 0.2253, 0.4747, 0.7783)
T for Example 4.
Remark 3. The results for Example 3 and Example 4 imply that we not only obtain Pareto optimal solutions, but also obtain some weakly Pareto optimal solutions for original problem with appropriate choices of weighted coefficient λ. Summarizing these results, we can conclude that our method is effective for solving some problems (MOQP).
Example 5. (Portfolio Selection Problem) This problem is taken from [16] . It is a practical portfolio selection problem in which objective function F (x) has the following expression
where symmetric matrix Q 1 is called the risk matrix, c 2 denotes the return rate vector, c 3 is a given weighting vector and its element is a function of corresponding security liquidity. The corresponding coefficients are given in Table 8 . Note that the objective functions contain only one quadratic function 1 2 x T Q 1 x, by using eig function of MATLAB, it is easy to verify that function T Q 1 x is nonconvex. Thus, we use the proposed method to solve this problem. The corresponding optimal results are given in Table 9 . Table 9 , Example 5 is solved with three different values of weight λ. The first element and the absolute value of the second element of FV in Table 9 denote the expectation risk and return, respectively. The results in Table 9 show that we obtain the lower risk and higher return when weight λ is chosen appropriately. Moreover, we also compare with the results in [16] , which are show in Table 10 . The results of FV in Tables 9 further imply that the risk and return are more comparable with the results in Table 10 . For example, when λ = (0.3482, 0.1655, 0.4863), we obtain lower risk 0.1894 and higher return 15.6800, which are more comparable with the results of [16] 0.6823 and 7.5079, respectively. Furthermore, note that the optimal solutions x * obtained by using our method are sparse, which imply that we mainly focus on some kinds of important stocks. Hence, we can put together the limited money, and invest these money in some of important stocks to obtain more satisfied return with lower risk.
We also notice that there are infinite choices of weight λ, and not all choices of weight λ are reasonable for each investor. How to select weight λ to lower risk and higher return depends on the investors's preference. Therefore, it is reasonable that investors participate in decision making and continuously revise their preferences according to practical conditions. This also shows that our method is promising in solving portfolio selection problems.
6. Concluding remarks. In this paper, a class of (MOQP) problems is discussed. By using the linear weighted sum method to deal with quadratic objective functions, problem (MOQP) is transformed into problem (SOQP), which is nonconvex in general. Then, taking advantage of lifting techniques, problem (SOQP) is equivalently reformulated as problem (CP) which is a convex programming problem but NPhard in general. A computable relaxed convex problem (DNNP) for problem (CP) is obtained by using doubly nonnegative relaxation method. Moreover, based on the characteristics of optimal solutions for problem (DNNP), a sufficient condition for (weakly) Pareto optimal solutions for problem (MOQP) is proposed. Finally, the numerical results of two problems and a practical portfolio selection problem show that the proposed method is effective and promising.
